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' APPLICATION OF GEOMETRICAL DIFFRACTION THEORY TO QNDE ANALYSIS 
J. D. Achenbach, A. K. Gautesen and H. McMaken 
Technological Institute 
Northwestern University 
Evanston, Illinois 60201 
ABSTRACT 
The direct problem of the diffraction of time-harmonic·waves by ~racks in elastic solids is analyzed 
for high-frequencies, when the wavelengths are of the same order of magnitude as a characteristic length 
dimension, a, of the crack. It is shown that good approximations at high frequencies can be obtained on 
the basis of elastodynamic ray theory. An elastodynamic version of geometrical diffraction theory is 
briefly reviewed. We also present a hybrid theory, wherein the crack opening displacement is computed 
on the basis of geometrical diffraction theory, and the scattered field is subsequently obtained by the 
use of a representation theorem. This hybrid approach avoids the difficulties at shadow boundaries and 
caustic surfaces that plague a direct application of geometrical diffraction theory. Explicit results 
are computed for slits and ~enny-shaped cracks, and these results are compared with numerical results 
obtained on the basis of exact integral equation formulations. The relatively simpl~ structure of the 
expressions for the scattered fields displays some characteristic features, whose possible role in the 
inverse problem is discussed. · 
INTRODUCTION 
Experimental apparatus for quantitative flaw 
definition by the ultrasonic pulse method gener-
ally includes instrumentation to gate-out and 
spectrum analyze the various components of the 
signal diffracted by a flaw. After the scattering 
data have been corrected for transducer transfer 
functions and other characteristics of the system, 
amplitudes and phase functions are obtained, as 
functions of the frequency and the scattering 
angle. Such processed experimental data can then 
be compared ·with theoretical results. 
For short pulses the frequency spectrum is 
centered in the high frequency (short wavelength) 
range. In this paper we present analytical re-
sults for diffraction of high frequency time har-
monic waves. We consider frequencies correspond-
ing to wavelengths that are of the same order of 
magnitude as the dominant cross-sectional dimen-
sion of the flaw. When the probing wavelength is 
that short, there are many interference processes, 
whose characteristic forms can provide the basis 
for an inversion procedure. A study of the direct 
problem is a necessary preliminary to the solution 
of the inverse problem, to generate understanding 
of the structure of the high-frequency diffracted 
field. 
In this report we present analytical results 
that have been obtained by an approximate method 
which is based on elastodynamic ray theory. 
Elastodynamic ray theory was presented in 
some detail by Karal and Kellerl. The reflection 
of ray-carried signals at a boundary is well under-
stood. The application of ray theory to diffrac-
tion by smooth obstacles has also been investiga-
ted in some detail. see e.g., Resende2. Refer-
ence 2 also appears to be the first one to deal 
with diffraction by a crack edge, at least in a 
two-dimensional geometry. A three-dimensional 
ray theory for diffraction by cracks has recently 
been discussed in some detail by Achenbach, 
Gautesen and McMaken3-6. The work presented in 3 
is an extension to elastodynamics of geometr-ical 
diffraction theory, which was introduced by Kel1er7 
for acoustic and electromagnetic diffraction pro-
blems. Geometrical diffraction theory has been 
extensively applied in electromagnetic scattering, 
see e.g. 8 and 9. The elastodynamic version of 
geometrical diffraction theory provides relatively 
simple results, and it can be applied to cracks of 
complicated shape. The theory is applicable if 
wa/c~_ is sufficiently larger than unity, where w is 
the ~ircular frequency, a is a characteristic di-
mension of the crack, and cL is the velocity of 
longitudinal waves. 
HIGH FREQUENCY THEORY 
At high frequencies the diffraction of elastic 
waves by cracks can be analyzed conveniently on the 
basis of elastodynamic ray theory. For time-har-
monic wave motion, ray theory provides a method to 
trace the amplitude of a distucbance as it pro-
pagates along a ray. In a homogeneous, isotropic, 
linearly elastic solid the rays are straight lines, 
which are normal to the wavefronts. An unbounded 
solid can support rays of longitudinal and trans-
verse wave motion. In this paper these rays are 
denoted as L-rays and T-rays, respectively. The 
free surface of a solid can, in addition, support 
rays of surface-wave motion, which are denoted as 
R-rays. 
In analogy with geometrical optics, the sim~ 
plest theory for diffraction of elastic waves by 
cracks may be called geometrical elastodynamics 
(GE). In GE a crack acts as a screen, which 
creates a shadow zone of no motion, and zones of 
reflected waves. The shadow zone is bounded by all 
rays passing through the source point and the edge 
of the crack. The geometrical reflections of these 
rays bound the zone(s) of reflected rays. The dis-
placement field according to GE, is of the same 
order of magnitude as the incident field. The GE-
field is, however, physically unrealistic, because 
of discontinuities at the boundaries of the shadow 
zone and the zone(s) of reflected waves. 
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The geometrical theory of diffraction (GTD) 
provides a first correction to GE •• This correction 
is valid for wa/CL >> 1, and at po1nts where 
S/a > 1.· Here w 1s the circular frequency, a is 
a length dimension of the crack, cL is the veloci-
ty of longitudinal waves, and S is the distance 
from a crack edge. The correction provided by 
GTD is of order (wa/cL)-l/2. 
Fig. 1. Diffracted surface-wave ray and cones of 
diffracted body-wave rays. 
Basic to GTD is the result that the inci-
dence of a body-wave ray on the edge of a crack 
gives rise to two cones of diffracted body-wave 
rays and two R-rays (one on each crack face), see 
Fig. 1. The surfaces of the inner and outer cones 
of body-wave rays consist of L-rays and T-rays, 
respectively. When an R-ray intersects the edge 
of a crack, a ray of reflected surface wave motion 
is generated, as well as cones of diffracted body-
wave rays. 
With GE and GTO the total displacement field 
is still not valid at the boundaries of the shadow 
zone and the zone(s) of reflected waves. In a 
further refinement which is called uniform asymp-
totic theory (UAT), the fields at these boundaries 
are corrected. For some details on UAT we refer to 
Ref. 5. 
For incident waves with curved wavefronts and 
for curved diffracting edges, the cones of diffrac-
ted rays have envelopes, at which the rays coalesce 
and the fields become singular. The envelopes are 
called caustics, and GOT breaks down at caustics. 
Summary of GOT Results. Geometrical diffraction 
theory is based on the use of canonical solutions, 
which are asymptotic results for diffraction of a 
plane wave by a semi-infinite crack. In geometri-
cal diffraction theory these canonical solutions 
are appropriately adjusted to account for curvature 
of incident wavefronts and curvature of crack edges, 
and for finite dimensions of the crack. For an 
incident longitudinal wave, the pertinent canonical 
solutions have been obtained by Achenbach et al, 
see Refs. 3 and 4, 
Within the context of the GTD theory of Refs. 
3 and 4, the diffracted field at a point of obser-
vation Q is comprised of contributions correspond-
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ing to "primary" diffracted body-wave rays, which 
are directly generated by incident body-wave rays, 
and contributions corresponding to "secondary" 
diffracted body-wave rays. The latter are gener-
ated by rays travelling via the crack faces. Thus, 
the diffracted displacement field at Q can be 
represented by 
(1) 
where 
ua = primary diffracted field (2) 
13 
ua = secondary diffracted field (3) 
"'13y 
In (2) the symbol a defines the incident ray, i.e., 
a = L or a = T, while 13 defines the diffracted ray, 
13 = Lor 13 = T. In (3) the symbol 13 defines the 
crack-face ray, i.e., · 13 = RS (surface-symmetric), 
B = RA (surface-antisymmetric) orB = TH (horizontally polarized transverse). The symbol y 
defines the body-wave rays generated by diffraction 
of a crack-face ray; thus y = L or y = T •. The 
summations in Eq. 1 are carried out over all rays 
of a particular type passing through Q. 
Primary diffracted body-wave rays. For an incident 
ray of longitudinal motion, the displacement fields 
on the diffracted body-wave rays are 
Here uL defines the incident wave at the point of 
diffraction. In Eq. {4) the superscript 13 
defines the nature of the wave motion on the 
diffracted rays. Thus we have 13 = L or 13 = T. 
The distances s13 are along the diffracted rays from the point of diffraction 0, to the point of 
observation. Also 
~ "" unit vector, 
which relates the displacement directions of the 
diffracted fields to those of the incident fields, 
and 
D~(B;$L,eL) = diffraction coefficient. 
For BL = ll/2 ana .p ll/2 the diffraction coeffi-
cents have been plbtted in Fig. 2. Furthermore, 
pL = distance from 0 to caustic. 
13 
For an incident longitudinal wave we have 
4; = - a sin2<!113 (a(d.p 13/ds)sin$13 + coso13) -1 {5) 
where a is the radius of curvature of the edge at 
the point of diffraction, s is the distance measu-
red along the edge, and o13 are the angles between the relevant diffracted rays and the normal to the 
crack edge, see Fig. l. The angles <IlL and <!IT are 
related by 
cL cos$T = crcos~L (6) 
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Pig. 2: Absolute values of diffraction 
coefficients: 
nt{e)= D[(e;~/2.~/2) and oy(e) = oy(e;~/2,~/2) 
for Poisson's ratio v = 1/3. 
Diffracted surface wave rays. Both symmetric 
and antisymmetric surface wave motions are gener-
ated on the faces of the crack. The appearance of 
surface wave rays in diffraction problems has been 
discussed in considerable detail in Ref. 4. 
Reflection of surface wave rays. A surface wave 
ray which intersects the edge of a crack, gives 
rise to a ray of reflected surface waves, and to 
two cones of diffracted body rays. For a surface 
wave incident on the edge of a semi-infinite crack 
these reflection and diffraction processes have 
been studied by Freundl0, In the spirit of geo-
metrical diffraction theory, we can immediately 
introduce the appropriate corrections for curva-
ture of the incident wavefront and for curvature 
of the edge of the crack. 
A surface wave ray is reflected such that the 
angle between the reflected ray and the tangent to 
the edge is just the same as the angle of inci-
dence between the incident ray and the tangent to 
the edge. Moreover, rays of symmetric (anti-
symmetric) surface waves are reflected as rays of 
symmetric (antisymmetric) surface waves. Ex-
pressions for the reflection coefficients can be 
found in Ref. 4. 
Bogy-wave rays generated by diffraction of surface-
wave rays. These rays and the associated fields 
have also been studied in Ref. 4, where express-
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ions for the diffraction coefficients have also 
been presented. 
Comparison of GDT with Numerical Results. Since GDT 
is an asymptotic theory, it is not possible to pre-
cisely determine a lower limit of validity for 
wa/cL. Thus, information on the range of validity 
of tne theory must come by comparison with exact 
solutions. This has been done in Ref. 5 for dif-
fraction of a normally incident longitudinal wave 
by a slit. Exact results for this problem have been 
computed in Ref. 5 by numerically solving a govern-
ing singular integral equation which has been de-
rived by Malll . 
a; 
I 
I 
I 
I 
I 
I 
I 
x, 
r====='==!=:::!:::::f---x, 
I 
I 
I 
B~ f 
.... 
IT 
Fig. 3. Geometry for normal incidence of a longi-
tudinal wave on a crack of width 2a. 
The crack shown in Fig. 3 can be either a two-
dimensional slit or a penny-shaped crack. For the 
slit, Figs.4 and 5 show the exact and approximate 
scattered displacements at e = 450 versus the di-
mensionless wavenumber (k a = wale ) for two 
values of r/a. The solidTlines represent GOT solu-
tions which include secondary diffractions. Good 
agreement is achieved for kra > 1.5, especially 
for r/a = 10. Since one must assume at the outset 
that results produced by an asymptotic theory of 
the kind presented in this paper are valid only 
fork a>> 1, it is quite remarkable that 
acceptable agreement is already achieved for val-
ues of k1a as low as 1.5, especially for higher 
values of r/a. 
For k a = 5.2 the contributions from the 
longitudinAl and transverse waves to the dis-
placement components of the scattered field have 
been plotted separately in Figs. 6 and 7, versus 
e. The corrections from the uniform asymptotic 
theory work very well; the curves are smooth and 
they show satisfactory agreement with the exact 
results, even though DHe} is unbounded at the 
shadow boundary. There are some discrepancies in 
the contributions from the transverse waves at 
values of e which appear to correspond to the 
boundary of the head-wave region. 
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Fig. 4. Comparison of exact scattered u1-field (+,x) for ·a slit with GOT solutions; e = 450, 
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Fig. 5. Comparison of exact scattered u2-field (+,x) with GOT solutions; e = 450, v = 173. 
··~ ~~~ 
o.oo , •• oo :!l).oo ... oo e so.oo ?.J.oo oo.oo 
L 
1~1 
·"" 
.20 
o.oo 15·00 ••.oo flll.oo e 
Fig. 6. Comparisons of longitudinal wave compon-
ents of exact scattered field {O,a,+) with GOT solu-
tions for kTa = 5.2 and v = 1/3. 
.• o 
1~1 
.20 
o.oo 
I] 
·'0 
1~1 
.20 
Fig. 7. Comparison of transverse wave components 
of exact scattered field (O,a,+) with GOT solu-
tions for kTa = 5.2 and v = l/3. 
We have also computed exact and GDT results 
for normal incidence of a longitudinal wave on a 
penny-shaped crack. These will be presented to-
gether with another approximation in the sequel • 
Crack 0 enin Dis lacement COD • If the crack 
open1ng 1sp acement can be adequately approxi-
mated, it may be expected that a good approxima-
tion to the scattered field can also be obtained 
by means of a representation theorem for the 
scattered field. At low frequencies, approxima-
tions to the crack opening displacement can be 
obtained on the basis of quasi-static calculations. 
At high frequencies au1 can be computed on the basis of GDT. 
Within the context of the geometrical dif-
fraction theory discussed in this section, the 
principal contribution to the crack opening dis-
placement comes from the geometrical elastodynamic 
part of the solution, i.e. from the direct reflec-
tion from the crack faces. For normal incidence 
we have 
( 7) 
The body waves associated with the primary dif-
fractions do not generate displacements on the 
crack faces, except for transverse motions which 
are polarized in the crack faces. The latter are, 
however, of order O(wa/cl)-1/2 as compared to (7). 
Important contributions to the crack opening dis-
placements are, however, generated by the surface 
wave motioris. 
For the case Of normal inddence of a longi-
tudinal wave on a slit, the absolute value and 
tbe phase of the crack opening displacement have 
been computed for various values of kla, where 
(8) 
. At low frequencies (small k1a) the phase is approx; imately ~/2, and the absolute value has an ellipt-
ical shape. As kla increases, waveforms develop, 
which are generated by surface motions of the 
crack faces. The exact crack opening displace-
ments at high frequencies have been compared with 
the GOT results. For the slit the comparison is 
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shown in Fig. 8. Results for normal• incidence on 
a penny-shaped crack are shown in Fig. 9. The 
displacements according to GOT at the center of 
the penny-shaped crack, which is a caustic point, 
have been corrected as discussed in Ref. 4. It is 
noted that both for the slit and the penny-shaped 
crack reasonably good agreement was obtained. 
-90 
%.o .2 .~ .s .a t.o.o .2 .~ .s .a 1.0.0 .2 .~ .s .a 1.0 
Fig. 8. Phase and l6u7/AI_versus x}/a for kla = 3, 4 and 5, for a sl1t, v = 1 3, -GOT, 
--exact. 
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Fig. 9. Re (6u7/A) and Im (6u2/A) for a penny-
shaped crack for kLa = 4.4, v = 1/3; - - -GOT, 
--exact. 
COD - Representation Theorem Approach: The results 
of geometrical diffraction theory are not valid at 
shadow-boundaries. Moreover, for curved wave-
fronts and for curved diffracting edges, the cones 
of diffracted rays have envelopes, at which the 
rays coalesce and the fields become singular. The 
envelopes are called caustics. The results of the 
geometrical theory of diffraction are also not 
valid near caustics. Even though it is possible 
to extend the theory to shadow boundaries and 
caustics, it becomes rather cumbersome. In an 
alternative approach, the crack opening displace-
ments, which can be computed by GOT as shown 
earlier, can be used as an input in a representa-
tion integral of the scattered field. The scatter-
ed displacement·fields computed in this manner will 
be valid at shadow boundaries and at the boundar-
ies of the zones of reflected waves, and there 
will not be caustic surfaces. Even if 6ui computed 
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from GOT should show singularities due to caustics, 
these singularities will be integrable and the 
scattered field will be well behaved everywhere. 
Let E be the area of a flat crack in an un-
bounded domain. By using the elastoqynamic 
reciprocity relation and the appropriate radiation 
condition, the dispiacement components at points 
not on the crack faces can be expressed by 
u(x)=-1- fTG 6u.n.dA 
k- 4'1Tr E ij;k 1 J (9) 
where 6ui is the displacement discontinuity across 
E, and 
TG = tensor of rank three 
ij;k 
representing the stress components for the basic 
singular elastodynamic solution. For details on 
Eq.(9) we refer to Ref. 6. 
For the slit results that have been obtained 
by means of Eq.(9) have been plotted in Fig. 10. 
In this figure we have also plotted direct GOT 
results and exact results. The crack opening dis-
placement (COD) plus representation theorem 
approach is quite good for the displacements from 
the longitudinal waves, but it requires further 
improvement for the displacements corresponding to 
the transverse waves 
2 
Fig. 10. Contributions to the displacement com-
ponents from longitudinal and transverse waves, 
5 
for normal incidence of a longitudinal wave on a 
slit, for e = 300; - -~ - GOT, -- COD+ Rep. Thm, 
x exact results, u=l/3. 
Analogous results for normal incidence of a 
longitudinal wave on a penny-shaped crack are 
shown in Fig. 11. In this figure we have 
plotted a further simplification which is obtained 
when Eq.(9) is replaced by its far-field approxi-
mation. 
Error anal sis. It is perhaps surprising that the 
re at1ve y small errors in the crack opening dis-
placements sho~n fo~ kLa = 3, 4, and 5 in.Figs,8,9 
should still g1ve r1se to rather substant1al de-
viations in the diffracted fields, as shown by 
Figs.lO and 11. The reason is that errors of 
certain wavelengths in the crack opening displace-
, ~nt are amplified by the representation 
1ntegral. 
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Fig. 11. Contributions to the displacement com-
ponents from longitudinal and transverse waves, 
for normal inci9ence of a longitudinal wave on a 
penny-shaped crack, for e = 300; - - - GDT, --
COD + Rep. Thm, ~ exact results, u=l/4. 
Let us consider the specific example of the 
two-dimensional case of normal incidence of a plane 
longitudinal wave of amplitude A upon a slit with 
edges at x1 = ±a, x2 = 0. The far field approxi-
mation yields 
uk (_!} - i xk ( l-2(x1 CT/cL)2] Jt (8~r/kL)-l/2 
exp [i(klr + f/4)] + 2i x2 (o2k-x2xk) 4 
(Sfr/kT)-1/2 exp [H~r + 11/4)} (10) 
where X; are the components of the unit vector in 
direction _!, and 
L a ,. . J · = - J ~u exp(-ik x X) dX 
a -a 2 a 1 
(11) 
The form of the crack opening displacement suggests 
that ~u2 can be approximated by 
~u2 - A (-2 + UR coskRX + E coskX) (12) 
Here -2 represents the COD due to geometrical 
elastodynamics, UR coskRX represent the crack face 
motion predicted oy GDT, and E and k represent the 
approximate error from the GE+GDT approximation. 
Substitution of (12) into (11) yields 
J~ =-A a{-4 Ha(O) + UR(Ha(kR) + Ha(-kR}] 
+ 'E[Ha(k) + Ha(-k)]} (13) 
where 
Ha(k) = [(k-kaxl )a) -1 sin ((k-ka x1 )a) (14) 
We note that Ha(k) takes on its maximum value of 
unity at k = k x1 , i.e. for a specific combina-tion of freque~cy and angle of observation. 
Equation (13) also provides insight .on the in-
fluence of the surface wave terms on the dif-
326 
fracted field. Near x1 = 0 (i.e.,e = ~/2, 311/2) the contribution from the GE term dominates the 
contribution from the surface waves in both the 
longitudinal and transverse fields, while near 
x1 = l(e= O,f) the contribution from the surface 
waves dominates the transverse fie1d, since kT/kR 
(where kR = wa/cR) is generally slightly less than 
unity. 
SOME COMMENTS ON THE INVERSE PROBLEM 
So far, this paper has been concerned with 
the direct problem, that is, the computation of 
the scattered field when the size, shape and 
orientation of the crack are known. We will con-
clude with a few comments on the inverse problem 
for plane waves incident on slits and penny-shaped 
cracks, for the special case that the diffracteq 
field is symmetric relative. to the plane through 
the X] and x2 axes. For both the slit and the 
penny-shaped crack the geometry_ in the plane of 
symmetry is then essentially as shown in Fig.3, 
except that the incident wave is under an angle, 
say e ,·with the x1 axis. For a given point of 
obsereation, say t~e point P in Fig.3, the un-
knowns then are e0, a and e. 
In experiments the nature of diffracted sig-
nals is largely determined by their arrival times. 
Since the first arriving signal is longitudinal, 
it is often possible to gate out the purely 
longitudinal diffracted signals from subsequent 
signals. The frequency spectrum of these longi-
tudinal signals contains a considerable amount of 
information on the crack. Upon division by the 
frequency spectrum of the incident wave, one 
obtains, in fact, the amplitudes and phases corres-
ponding to single harmonic waves at high frequen-
cies. Comparison of this experimental information 
with the analytical fields on the primary dif-
fracted body wave rays provides a way to solve the 
inverse problem. 
For the geometry discussed here the dis-
placement fields on the primary diffracted body 
wave rays follow from Eq.(4) as 
iwSL/c 
ul = e L ~ (l+S /pL~-1/2 DL(e·1!/2 e );LuL 
"'i. I:L L L~ L ' 'L-i. 
( 15) 
It is convenient to define a dimensionless dif-
fraction coefficient as 
iJ (e·e ) = kl/2 e-if/4 DL(e·~/2 e ) (16) L 'L L L' 'L 
The angles of incidence at the two points of dif-
fraction are eL ~ e0 and e = f - e , respectively. If the point of observatioh is suffYciently far 
from the crack, we have, see Fig.3 · 
\ 1 - r - a case 
sL2 - r. + a co~e 
e2 - 11 - e1 - e 
(iL) - (iL) - i 
-L 1 -L 2 -r 
(Ut) 1 - U~ exp(ikLa cose0 ) 
(17) 
( 18) 
(19) 
(20) 
(21) 
(22) 
where uL defines the incident wave at the center 
of the Erack. Adding the primary diffracted 
longitudinal fields from the points 1 and 2, we 
obtain 
ill/4 ik r 
\ud)L - U~ (klr)-1/2 (l+r/pt)-1/2 e e L F 
(23) 
where 
( 24) 
Of particular interest is the absolute magnitude 
of F : 
IFI = {[DL(Il-8; ll-80)]2 + [DL(e;e0)]2 + 
2 DL (ll-8;1!-8 )oL(e;e )cos [2kLa(cos8-cose )]} 1/2 
o L o o 
(25) 
This result implies that the amplitude of the 
primary diffracted field is modulated with respect 
to kL, with period 
P = I! I a I cose - cos8 0 I (26) 
An analogous expression can be derived for the pri-
mary diffracted transverse field. From the prac-
tical point of view this latter expression is of 
less importance, because measurements of the 
transverse field usually are polluted by other 
signals. 
Figure 12 shows the amplitude envelopes of 
the radial displacements corresponding to the pri-
mary longitudinal rays at three positions 8 = 300, 
450 and 600 for the case of normal incidence of a 
longitudinal wave on a penny-shaped crack. The 
three curves show the characteristic behavior dis-
cussed in the previous paragraph, and it is easily 
checked that the increment ~kla between peaks 
indeed_ equals ll/cos8 (note tfiat e0 = 900). 
Experimental results also show the modulation 
displayed in Fig. 12, see e.g. Ref.l2. The un-
knowns in Eq.(26) are a, 8 and 80. Suppose we have four points of observation Q0 , Q1, Q2 and Q3, on a straight line in the plane snown in Fig.3, ais-
tances t,, ~·and t 3 apart. The angles 8 corres-ponding to Qf' Q2 ana Q are e1 , 8 and e3, res-pectively. he arrival 3times Of tfie first longi-
tudinal diffracted signals are denoted by t, t 1 , t 2 and t 3, respectively. It then easily fo9low~ tfiat 
y1 = e2 - e1 = cos-1 (cL(t2-t1);t2] _ 
cos-1 [cL(t1 -t0 );~ 1 ] 
Yz = e3 - e2 = cos-1 [cL(t3-t2);t3]-
cos-1 (cL(t2-t1);t2J 
If P1, P2 and P3 have been measured at Q , Q and Q3, we tfien have five equations for the hve2 
unknowns a, 80, e1, e2 and e3, which can easily be solved. 
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Fig. 12. Amplitude envelopes versus kla for 
r/a = 10 and v = 1/4. 
CONCLUDING COMMENTS 
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For normal incidence of longitudinal waves on 
slits and penny-shaped cracks it has been shown in 
this paper by comparison with exact numerical 
results that geometrical diffraction theory 
(corrected at shadow boundaries and caustics) pro-
vides surprisingly good results at relatively small 
values of the frequency (say kla > 1.5) and rela-
tively close to the crack (say r/a > 5). For more 
complicated geometries (elliptical cracks) the 
corrections at shadow boundaries and caustics be-
come, however, more cumbersome. We have, therefore, 
also explored an alternative approach in which the 
crack opening displacement, which can be computed 
by GOT with relative ease, is used as an input in 
an exact or approximate representation integral for 
the scattered field. The scattered displacement 
fields computed in this manner are valid at shadow 
boundaries and they do not have caustic surfaces. 
The crack opening displacement computed by GOT m~ 
have singular points or curves, but the singulari-
ties are integrable. Comparison of the results 
obtained by this hybrid approach with exact results 
shows good agreement for the longitudinal wave 
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contributions, but some improvements are desirable 
for the transverse wave contributions. 
The simple structure of the high frequency 
longitudinal wave results suggests a simple 
approach to the inverse problem, which has been 
briefly discussed. 
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DISCUSSION 
Tom Kincaid (General Electric}: I have to lead up to my question with a little preamble. I tried to use 
this theory for cracks on steam turbines. When I did that I said, "Well, it is going to be easy 
because those 2 corners are going to radiate, I am going to end up getting a nice zero in the 
spectrum w~.ich will tell me the length of the crack," and we spent several months working on the 
theory and then we took a look at some cracks. The first thing I noticed was that a crack is not 
as flat as you assumed here. A crack is ragged in the middle with the main reflections coming off 
those ragged surfaces that are oriented in the direction of observation. I think that we will have 
to consider we are going to have such real cracks. I would like to get some comments from you on 
how we are going to handle the real problem. · 
J. D. Achenbach (Northwestern University}: Yes, you are absolutely correct, this is a problem. 
Naturally, the solution depends upon the direction of observation. If you observe from behind the 
crack, you can deal with the crack in the above fashion. The problem you are talking about is in 
interpreting the back reflections from rough surfaces 
Tom Kincaid: That is correct. In general, one receives a.very complicated spectrum. Only in a very 
few cases does this spectrum have any similarity with the one you are talking about. You are saying 
that by observing from behind the crack all those ragged surfaces are basically invisible, That 
does not really avoid the problem: Frequently you cannot 1nspect the part so as to avoid the 
problem. I am trying to make an appeal to this group to understand that we need solutions that are 
not critically dependent on the crack geometry. These solutions should not depend on tne fact that 
the crack 1s a smooth mirror with corners. To be useful, research will have. to take these facts into con-
sideration. The raggedness of the fracture surface is a statistical proolem, in part, that we 
have to solve to be able to perform the inversion. 
J. 0. Achenbach: I agree with you, that is the problem, We should get some idea on the relative 
magnitudes of the characteristic dimensions of the roughness. 
Tom Kincaid: Using micrographs you can get a good idea about the roughness. 
J. D. Achenbach: I think the incident wavelength will have to be of the same order of magnitude as the 
crack, but it certainly has to be much larger than the crack's roughness. Certainly, if the rough-
ness is of the same magnitude as the acoustic wavelength, you get the kind of problem you are 
alluding to. 
6ordon Kino (Stanford University}: Perhaps I could t~y and bridge this gap a little. We have been 
using an imaging system to look at cracks. In fact, we snowed some pictures last year. What you 
see with an imaging system, illuminating an elox crack, is a smooth crack with sharp fronts, as 
Dr. Achenbach pointed out. 
Using a real crack with real roughness you see scattered acoustic energy from everywhere, as 
Mr. Kincaid points out. 1 would suggest that as the theoretical techniques keep on developing 
and as we will learn to do the inverse process properly (which in one way is by imaging, the otner 
way 1s essentially by matnematical tecnniques}, we w1ll not only see its front but we will see some 
information from all along the fracture surface. We will still get the length which is what.we 
want to know, basically. I think you have to allow the theoriticians time because what they have 
got to do is the simplest problem first and then work up to the complicated ones. 
Bernard Tittmann lScience Center}: 1 would like to make a comment. Tomorrow morning I will show data 
on a real crack in ceramics and I will use a diffraction theory, similar to that by Young, to 
analyze the radiation pattern from a crack and I will show that this theory works. This pattern is 
as clean as that of an elox notch, but it does yield crack length 1nformation, as Gordon K1no has 
pointed out. I agree w1th Or. Kino. I think we c~n achieve the solution to the. proolem. 
vernon Newhouse (Purdue university): . I would like to plead with the theorists to stop casting their 
results in the time domain which, of course, is just a question of Fourier transforming the spectral 
results. It is, naturally, a lot more convenient to measure arrival times than to start analyzing 
a frequency spectrum and, furthermore, it may simplify the mathematics. If you are looKing at a 
crack and measure arrival time of the first array and the last array at several different points, 
you probably will get information in a simpler way than you can from spectral results even when 
the crack is distorted. 
J. u. Achenbach: I agree. From my point of view the time domain is just as good as the frequency 
domain. In fact, 1n some of our work we are trying to combine t1me domain and frequency domain 
considerations. Not being an experimentalist, I thought that even though there are definite peaks 
in the time domain it was still quite easy to make slight errors in the interpretation. On the 
other hand, if you take a frequency spectrum, where you integrate, you don't run into danger of 
making a significant error. Otherw1se, I will go along with you. 
W. Sachse (Cornell University}: One comment, time domain is the approach that we are using in studying 
scattering of cracks experimentally. 
John Zurbrick (General Electric): we grow cracks that we ask our inspectors to find for us, There 1s 
something that I have observed over the last couple of years in this pro~ram that is qutte inter~ 
esting to note and I think it tends to bridge some of the gaps that we are d1scusstn~. We have 
done a lot of acoustical microscope work, we have done a lot of imaging of flaws in real time and 
the time domain and we have done adaptive learning network experiments. The point is this, ~e 
are looking heavily at the surface convolutions of a crack and the indi-cations that are or .are not 
coming from the center. The center of the crack isn 1t really what causes the part to fail, It 
really is the plastic zone around the crack which has a shape that is very close to an oblate 
spheroid. I like the approach of looking at hollow oblate spheroids, but let's keep in mind that 
a fatigue crack, together with this plastic zone around it, reflects, defracts, mode converts, 
etc. I would encourage this kind of an approach. We are not just looking at a hole, We are 
looking for the degraded material around the crack tip, Actually, you can see certain simiiari.-
ties to an oblate spheroid because the crack grew from the middle to its present tip. 
J. D. Achenbach: I don't think that the method I described would be suitable to describe this situation. 
Earl Duback (General Dynamics): My background is in sonar and acoustics and I worked on problems similar 
to the one you are describing, a multi path situation. If you are able to obtain a cross corre-
lation. function and your signal is frequency-wise not broad enough, you can separate out the various 
acoustic paths. If you are looking at the amplitude information versus frequency, and if you look 
at the phase, you will find ripples in the phase. By zeroing out the signals in the correlation 
function from the various paths, you obtain nice linear phase information that will show you the 
energy coming along the different paths. 
J. D. Achenbach: I am aware of what has been achieved along those lines in your field, and we would like 
to take similar approaches. 
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